
Lectures

Interacting
Bosonic systems .

We will focus our attention on the following

model :

H =  
- tfflbtib;

the . ] +

EU
( n-512

;
i

where U > 0 .
n

;
=

bt
; bi and I is

a fixed . positive real number
.

Since the two terms in the Hamiltonian do not

commute
.

it is useful to consider the two

limits . ¥ >> 1 and ¥ < < 1 .
Recall

our discussion of transverse field Tsing model

where H=£Jri'ris - her ? ) where me

used a similar approach .



�1� UA > > 1
.

Lets set t=0 to begin with .

Then H = U ;E(rink .

This Hamiltonian

has a unique ground state unless
-

.

I = Ntlz where N is an integer .

when I =/ Ntlz ,
then the ground state

is ly > = ,T(bti )
"

io > where

N is the integer closest to T
.

for example,

when I  
= 1. 4

,
then N=1 ,

when 5=1.51
,

then N = 2.0k . On the other hand ,
when

F
 

= Ntlz for integer N
.

( es . when T= 1.51

yen the States

I (bt
,

.TW14 , > =

and 1% > = it @ti)N" io >

have exactly same energy .



The crucial question B : what happens when

t is non - zero but small ?

when in # Ntlz
CN = integer ) , then the

t=0 eigenspeelnem looks like

'Mexcited States where one site

- has Ntl

particles

,
and a

different site hah

¥Ttlbt;)N|o >
N - ' Parnes

since there

Baunique
ground state , the

perturbationin t does not change the nature of

ground state .
Such a state with essentially

fixed nowmben of particles site is called a

6 Mott Insulator
'

.

It isinsulator-

because adding a particle to the system

costs an energy
U

.

On the other hand ,
when I = Ntlz ,

there are
ZN ground Staten because

on each site there B two - told cteseneraey
Cas discussed above ) , and sites are decoupled

.



'

Now it B not obvious if the perturbation

in t dramatically changes the ground

state or not .

As we will discuss

in a short while ,
the answer is that

Motr Insulator does not
in tub case ,

the
-

exist and one instead obtains a

Super fluid .

But before we do that
,

an easier way
to set the sapenfluid is

to consider the opposite limit t/o>>1 .

�2� ¥ K I
.

For simplicity ,
in this limit ,

we will also

assume that I D 1 .

Using
the representation ,

b+=Tnei9
where [ Of ,n ] = i



the Hamiltonian becomes
,

- t jn
cilia ;)

§jy tnj t.E.ua-a)
2

Since ,

I > > 1
,

one can white

n ;
 = I + In where < An > ⇐ I

,

⇒ btienei9i

⇒ He -2T n' Iwscgi-9 ;)
cij >

+ U ? ( bn }2

if t > > U
,

then one first minimizes the

t term ⇒ 9 ;
 

⇐ a + :

'

⇒ < bti ) = 55 < ei9i )

to

This is the superfund Phone
.

Since Qi doesn't fluctuate much
,

- zlntoscaieej ) I - ztn [1-(9*5)]



⇒ He tnafgia;)2t Ustbnit

The B essentially the same Hamiltonian

as the one for coupled oscillators ,

H~
'

? Pin + lzmwotfni- as't
cij )

⇒ H E Ewk atkak
k

where wk awoka.

( a= steamy,

what  is
wo ? comparing

the harmonic

oscillator problem and the boson Problem ,

ztm =
U

*zmwo2=
tn

.
⇒ wo =

✓ 2t=u = 2 #.
Thus ,

the Super fluid phase supports a

phonon - like mode ! ⇒ the spectrum of

Super fluid is gaptss
in strong

contrast

to the Mott insulator where it B gapped .



so far we have argued that when

I # Ntlz ,

at small t/u ,
one obtains

a Mott Insulator while for any
I

,

at large ut ,
one obtains a superfund

( we only showed this for A > > 1 , but the

conclusion turns out to be true even when

The = OC 1) )
.

Now , we return to the question of

The = Ntfs
at small to .

As discussed above ,

at t=0 ,
there B

'

a degeneracy of 2N Lin the grand
canonical

ensemble ) corresponding
to a two - state

system at each site ( the two States being

. btibi  = N and
btibi  

= Ntt )
.

Therefore ,

the system
behaves like a spin - 112 spin

system
with

INY ;
E IM ;

and INTI >
;

zlt ) ; ,

on
each site F

.

With this setup ,
the

perturbation theory
in to B straightforward.



Heff ( i.e. H in the subspace of only

two state 14 > i ,

It > i  on each site i )

= P -7ft ( btibj the . ) p + wisher order

terms

where P dpnjeets onto the Mtr subspace

The main point to observe is that the

leading
term in Heff isIt identically

Zero .

Consider e. g .

when N= 2. :

An allowed configuration Is

• • • • • • • • • • • •

-
.

.
-

-

4 5

I  
= 1

2 3

P ( bt ,
bz tbtzbi )Pacting on

the above

state generates
the following state that

is still in the
allowed tlilbertspaae :

•  •
• • • • • •  •

• • •
- -

-

=

In fact ,
in the spin - language

P(btibj th .c.) Pee( sitsjth . c.)

where St = s× + is7
,

s
-

= 5 - ISY



⇒ He # = - tE(Sit Sj
'

the . )
cijY

This is a
ferromagnetic quantum spin model

due to minus sign in front  ⇒

system orders ferromagnetically
in the

N -

y
spin space .

For example ,
one of the

ground
States is 14 > = fT1→ > ;

where

l→ > ;
devotes spin pointing along

sttairahon

in the spin space .

All such ground
States

break the spin rotation symmetry spontaneously

⇒ < sit > to .

This is exactly

He Super fluid phase ,
since

sit~ b
.

They ,

when
5

 
= Nttz , one

obtains a

Super fluid at infinitesimal to .
The final

phase diagram

looks
like

^

.
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